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We consider transomic motions of an ideal gas which are represented
in the velocity hodograph by a curve or by a surface. In the second
part of the note we determine a class of self-similar solutions re-
presenting plane and axially symmetric flows,

1. Three-dimensional flows with a degenerate hodograph. 1. The equa-
tions of a transonic three-dimensional gas flow in cartesian coordinates
read

uux--vv-nwz:ro, u,—v, =0, u,—w, =0, l'z‘“‘“"v"—'o 1
' 1.1
U V
[t ——— s (U - B = - ——
17 (u.+1)a.. v o= {x - 1) s w = (x -+ 1) a

Here k is the adiabatic exponent, U, V, ¥ the perturbation velocity
components along the z, y, z axes, the undisturbed velocity vector having
the magnitude of the critical speed a and being directed along the =x
axis.

Let us consider double waves, that is flows for which only the two
quantities v and » are independent, and
u=u(r w (1.2)
Using (1.2) and equations (1.1) we obtain

(uu,® — 1)z, + 2uwu, v, 4 (s, t— 1w, = 0 (1.3)

Every plane x = const.of the physical space is mapped in the velocity
hodograph space onto the same surface X . Hence we may consider in equa-
tions (1.3) the variables v and v as independent, and the variables y
and z as functions of these independent variables. We have

vy, 7= 2y, A, v, = —y,A, w, =y A, = v, — v,
and by equation (1.3)
(wu —1)z, —2uu u (un

w1y, =0 (1.4)

Consider now the function y determined by the equation [1 ]
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v 7= ur vy wz— @ (=g, v=10, W=7, (1.5)
Its differential is dyx = (y + xu,)dv + (z+ =xu )dw. Hence
ty =Y + zu,, Yo = 5+ Uy, (1.6)
Differentiating equations (1.6) for x = const.we obtain
Yo = Xpp — Ty Yoo = Xpw — Ty Zyp T Loy — Ty (1.7)

Now we substitute relations (1.7) into equation (1.4). Setting the
term not containing :z and the term containing 2z in the first degree equal
to zero, we obtain two equations which determine the functions v and ) :

(uu, 2 —Nu, —2unu v 4+ G l—1u, =0
A (e — 1) %y = 0 (1.8)

(wu 2 —1) va — 2unu
After equations (1.8) are solved, formulas (1.86) [1] give the trans-
formation to the physical space. In the case of conical flows we have

X=0and y/x=~u, z/x=—~u,

wlvw

2. We note one particular solution of the first equation (1.8).

One easily sees that this equation admits the transformation group
U{v, w) = al”%u(aiv. al”)' where a, is an arbitrary non-vanishing constant.
Therefore equations (1.8) have a solution of the form

u=7v"f (&), Ei=w/v (1.9)
where the function fi satisfies the ordinary differential equation

(82— 282hif 2 4 1) B+ 2 S = gl 5 =0 (1.10)

This equation is itself invariant under the transformation group
¢ (f ) = a2 3f(a E ), therefore its order may be lowered. Indeed, setting
f1 = fl/F (ryl)n1 = 1n |£,}, we transform equation (1.10) into an equa-
tion which does not contain the independent variable explicitly. Next,
setting dil/dnj.= 4& and taking Fi as the independent variable, we obtain
the first order equation

a¥y Y Fi+ s 4 MY 4 [oF 22— 4 F Y — 1808
aF, Ty (L — /o f 0 — S5 ¥y = 2F 90

(1.11}
Solving equation (1.11) and carrying out the second integration
=\ AP
m Mo S\Fl (Fl)
where no is an arbitrary constant, we go over to the physical space by
the formulas

w'ls dFy
v dny '

. s _ 1 ) A2
x z w‘lc( Fl—*_dm 1.12)

3. Let us consider axially symmetric flows of the class discussed
above, We have that
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u = u (), 0=VEtw (1.13)
and the first equation (1.8) implies that
ou” —uw' 34w =0 (1.14)

Interchanging dependent and independent we obtain the well known equa-
tion solved by Busemann [2 ]:
00" = 't —y (1.15)
4, The differential equation of the characteristics of the first
equation (1.8) reads
(uu?, — 1) dw? 4 2uu,u, dodw -+ (uu, 2 — 1) do? = 0 (1.16)
Noting that along the surface X we have du = u dv + u_de, we obtain
from (1,16) the equation
udu? == dv? 4 dw? (1.47)
This equation determines characteristic curves S and § on the sur-
face X, One can show that simple waves are described by such an equation,

In this case the whole flow is mapped onto a single S curve in the velo-
city hodograph.

The formulas
u=(2 7)'5' . v S cosfp(t)dr, w= S sin f, (1) d (1.18)

solve equation (1,17). The corresponding flow in the physical space is
given by the relation

@2z 4 cos fa (v) y + sin fo (1) 2 + Fa (1) =0 (1.19)
where fz(r) and F&(r) are arbitrary functions of r, This solution can be
used in computing certain aerofoils,

2. Self-similar plane and axially symmetric flows. 1. We consider now
plane and axially symmetric flows. In this case we have by (1.1)

—uu, + o, 4 3afr =0, U, =0, .1

Here @ is the component of the perturbation velocity (1) in the direc-
tion of the radius r, § = ¢ for plane flows and § = 1 for axially sym-
metric flows.

The system of equations (2.1) is invariant under the continuous trans-
formation group

U (z, ) = a2 Ply (1382, agr), Q (2, 1) = ad VPl (a5Pa, ogr) (2.2)
where a, and 3 are arbitrary constants. Hence system (2.1)must possess
self-similar solutions of the form {3, 7]

u=2CE ), 0=t E),  L=r® 23

In fact, substituting the expressions (2.3) into the equations (2.1)
we obtain
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= 3(3 -+ 1) fa -+ BELf4, — 2@ 1) 2 —BEefafs’ + f) + 81/ =0 (2.4)

Eliminating the function fy from the system (2.4) we obtain a single
second order equation for the function f3 :

(B%Ea*fs — 1) fs" + (93 + 7) BEefafs’ - B2Es?fs'2 - 2(432 ++ T8 + 3) fe2 — 8fs’ [ Ea = 0 (2.5)

It is easy to see that equatlon (2.5) is itself invariant under the
transformation group Qg(fé) =a, fB(a fz). where @, is an arbitrary
constant., Setting f; = éz F3(my), n, = 1n ‘fzi we transform equation
(2.5) into an equation which does not contain the independent variable
explicity. Next, setting f, =& 2F(nz). n, = 1n|&,|, and taking F,
as the independent varlable we obtain the first order equation

a¥s  (3—5)Ws 4 2(3— ) Fy — B?Wy2 — 7BV sF3 — 6Fg?

dFy Wy (82F5—1) 26)
The functions fy and F3 are connected by the relation
E,~8
fo= g g g (Fy’ —2Fs — 23Ft — B2FoFy") = E;7°R () @n

The perturbation velocity components are given by
z\2 . z\?
u = <-;-) Fs3 (na), o =<T> R (n2) (2.8)
2. Consider the case 8= 0. Then u = s%f;(r), w= #’f,(r), so that the
variables x and r are separated and we obtain solutions studied by Zigu-
tev la I m gty ), =t 00 @), G=8"% 18=y (9

Using (2.4) we obtain for the functions f5(§2) and fs(dé) the system
of equations
—2(r+ D1+ v =1, — fsfs’ + (8 —3 —3v) fo + Yhofs’ = (2.10)
Consider, in particular, the case y = 0. Then u= 5~ fs(x). w =

3f6(x), that is, the variables x and r are separated and we obtain an-
other type of flows studied in the paper just quoted.

3. Consider now the case 8 = ~%, It is easy to verify that in this
case equation (2.6) admits the solution

2 2
%:2(1+3}(1+mps_+_ V 1+ m!’,) 2.49)

Using (2.11) one easily obtains the relation

A2
fa=A +W__2(1+8} Ey2 (2.12)
The perturbation velocity components are now given by
Az . A2 A3 . 013
w=Art T CETTET T IA T 6" (213)

I1f the gas flow considered is two-dimensional, so that & = 0, then the
relations (2.13) are the solution due to Falkovich | 5 ] which describe
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the shockless flow in a nozzle near the sonic line, If & = 1, the equations
(2.13) describe an axially symmetric flow in an axially symmetric nozzle.
The equation of the sonic line reads

A

z = —mr’ (2.14)

This equation shows that in an axially symmetric nozzle the sonic line
is closer to a vertical straight line than it would be in a plane nozzle
for the same value of the constant A, This constant egquals the derivative
u, at the center of the nozzle.

3. Plane and axially symmeiric flows limiting to self-similar ones,
1. We consider first plane transonic flows., In this case § = 0 and equa~
tions (2.1) are invariant under the transformations r= r, + r’, We use
the method of the paper [ 6 ] in which it was shown how to obtain, by a
limiting process, a new class of solutions from a class of self-similar
solutions containing an arbitrary exponent which may be increased in-
definitely. The solutions given in 2(2) have this property. After some
calculations we obtain

u == e 2T, (Ey), w = e 3N fy (&), s = 2e™" 3.9

where the functions f7 and fs satisfy the system of ordinary differential
equations

- f7f7' — 3mfs 4+ mEfs’ =0, — 2mf; + mEsf,’ = I’ (3-2)

(a limiting form of the equations in 2(2) ).

Eliminating from (3.2) the function f8 we obtain a single second order
differential equation for the function fT:

{(mg? — f2) f," — f2'2 — 3m'Egfy’ + dmPfy =0 (3.3)

This equation is invariant under the group Qh(éé) = as'sz(asfé) and
can be reduced to a first order equation

d¥,  6F2+TF Y+ ¥

= 3.
aF, Tl — Fa) @4
Here
dF,
ng=1n{E|, fr=Es*Fy(ms), %=dm (3.5)
The perturbation velocity components are given by
U= x’ﬁk
z8 (3.6)

0):'?’; (m2F4‘—— F‘F,&'—— 2F¢2)

If == 0, then the functions f; and f8 are constnat and we have a uni-
form flow, For m # 0 the integral curves of equation (3.4) are shown on
Fig. 1., The essential characteristic of the flows just considered is their
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asymmetry with respect to the axis r = 0,

Fig. 1.

2. We consider now plane and axially symmetric flows simultaneously.
Using the invariance of equations (2.1) with respect to the transforma-
tions x = xy + x” we obtain from relations (2.3) a new class of solutions,

These solutions, obtained by letting the exponent B increase indefinitely,
have the form [ 6 ]

u = e"%f, (Eq), o = e"*fy, (8), Ey=re™* (3.7)
where the functions f9 and f1o are determined by the equations
—=2nfs® — nEsfofs’ + fro’ + 310/ Ea =0, fo' = 3nfio + nEsfro’ (3.8)

(1imiting case of equations (2.3) ). The function f, must satisfy the
equation

(n*Ee?fs — 1) " + In%Eefofy’ + n6a?fo'? + 8n¥fo? — 8fy’ /B4 =0 (3.9
As before we introduce new variables
dF
n=Ink fo=8 (), Y= (3.10)

and obtain a single first order equation

a¥s (-5 ¥;+2(3—8) Fy—n?¥?
dF5 o \Fs (nzFa-- 1)
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